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~1.1 Propositional Logic —
Step 0. Proof.

Proof
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WHAT IS PROOF




Proof

~1.1 Propositional Logic —
Step 0. Proof.

A proofis an argument that demonstrates
why a conclusion is true, subject to certain
standards of truth.



Proof

~1.1 Propositional Logic —
Step 0. Proof.

A mathematical proofis an argument that
demonstrates why a mathematical statement is
true, following the rules of mathematics.



Proof

~1.1 Propositional Logic —
Step 0. Proof.

(
WHAT DOES PROOF

LOOK LIKE ?




Modern Proofs

Some 20 years ago, I published an article titled How to Write a Proof in a
festschrift in honor of the 60*" birthday of Richard Palais [5]. In celebration
of his 80" birthday, I am describing here what I have learned since then
about writing proofs and explaining how to write them.

How to Write a Proof How to Write a 215¢ Century Proof
Leslie Lamport :||> Lestie Lamport

February 14, 1993

revised December 1, 1993 23 November 2011

Minor change on 15 January 2012



Examples — Modern Proofs

Direct Proof.
Proof By Contradiction.
Proof By Induction.

Case By Case



Modern Proofs — Direct Proof

Theorem: If n is an even integer, then n?is even.



Modern Proofs — Direct Proof

Theorem: If n is an even integer, then n?is even.
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Modern Proofs — Direct Proof

Theorem: If n is an even integer, then n?is even.
e DEFINITION

An integer n is even if there is an integer k such
that n = 2k.

An integer n is odd if there is an integer k such
that n =2k + 1.

\_
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Modern Proofs — Direct Proof

Theorem: If n is an even integer, then n?is even.
s ASSUMPTIONS FOR NOW ~

Every integer is either even or odd.

No integer is both even and odd.
N y,




Modern Proofs — Direct Proof

Theorem: If n is an even integer, then n?is even.
PROOF

/Let n be an even integer.




Modern Proofs — Direct Proof

Theorem: If n is an even integer, then n?is even.
PROOF

/Let n be an even integer.

Since n is even, there is some integer k such that n = 2k.
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Modern Proofs — Direct Proof

Theorem: If n is an even integer, then n?is even.
PROOF

/Let n be an even integer.

Since n is even, there is some integer k such that n = 2k.
This means that n? = (2k)? = 4k? = 2(2k>?).

~




Modern Proofs — Direct Proof

Theorem: If n is an even integer, then n?is even.
PROOF

/Let n be an even integer.
Since n is even, there is some integer k such that n = 2k.
This means that n? = (2k)? = 4k? = 2(2k>?).

From this, we see that there is an integer m (namely, 2k?)
where n? = 2m.
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Modern Proofs — Direct Proof

Theorem: If n is an even integer, then n?is even.
PROOF

/Let n be an even integer.
Since n is even, there is some integer k such that n = 2k.
This means that n? = (2k)? = 4k? = 2(2k>?).

From this, we see that there is an integer m (namely, 2k?)
where n? = 2m.

Therefore, n? is even. m
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Modern Proofs — Direct Proof

Theorem: If n is an even integer, then n?is even.

where n? = 2m.

Therefore, n? is even. m

\_

e PROOF
Let n be an even integer.

J

This sgmbot MEANS
‘end of proof”.

\

.

Since n is even, there is some integer k such that n = 2k.
This means that n? = (2k)? = 4k? = 2(2k>?).

From this, we see that there is an integer m (name

y, 2k?)

~
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Modern Proofs — Direct Proof

Theorem: If n is an even integer, then n?is even.
PROOF

/Let n be an even integer.




Modern Proofs — Direct Proof

Theorem: If n is an even integer, then n?is even.

e PROOF
Let n be an even integer.

4 )

To prove a statement of the form “If P, then K.

Assume that P Ls true, thewn show that @ muust

be true as well.

\_ /




Modern Proofs — Direct Proof

Theorem: If n is an even integer, then n?is even.

PROOF
/

Since n is even, there is some integer k such that n = 2k.
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Modern Proofs — Direct Proof

Theorem: If n is an even integer, then n?is even.

-

PROOF

~
Since n is even, there is some integer k such that n = 2k.
This Ls the definition of an even tnteger. A
when writing a mathematical proof, it's
_  Ccommon to call back the definitions, //




Modern Proofs — Direct Proof

Theorem: If n is an even integer, then n?is even.

PROOF
/

This means that n? = (2k)? = 4k? = 2(2k>?).




Modern Proofs — Direct Proof

T heorﬁ\mt’we how we use the value of R that we obtained
above. Giving names to gquantities, even if we aren't
a fully sure what they are, allows us to manipulate
them. This Ls similar to variables tn programs.

~N

This means that n? = (2k)? = 4k? = 2(2k>?).




Modern Proofs — Direct Proof

Theorem: If n is an even integer, then n?is even.

PROOF
/

From this, we see that there is an integer m (namely, 2k?)
where n? = 2m.
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Modern Proofs — Direct Proof

] » » < Pl | ) =

The~ A
Our ultimate goal is to prove that n is even. This means

- \

that we need to find some m such that nw?= 2m. Here,

we're explicitly showing how we can do that.

N

From this, we see that there is an integer m (namely, 2k?)
where n? = 2m.

\_ /




Modern Proofs — Direct Proof

Theorem: If n is an even integer, then n?is even.

PROOF
/

Therefore, n? is even. m

\_




Propositional Logic ( an#iiZ4E )

~1.1 Propositional Logic — -

Step 1. Convert program
into mathematical formula.

Step 1.1 What is Propositional Logic?



Why We Need Propositional Logic?

Goal: Formalize the theorem, definitions and reasoning
we use in our proofs.



Propositional Logic

What is a proposition (et ):
A proposition is a statement that is, by itself, either true
or false.



Examples

Theorem proved before are all propositions:

If n is an even integer, then n?is even.

If n?is an even integer, then n is even.

n(n+1)
2

If nis anintegerand n >0, then . i =

Two queens problem has no solution.



Examples

Tom is taller than Jerry v
2+2=4
N>6 X

Discrete mathematics is edible ¥
3 is odd ¥



MWHATHIS YOUR EROBLEM =

' Ef. v~

N

-l

3 | Ruestions are

T

\ propositions.




Commanes are
not
proposi’cio ns.

LET'S GO OUT!/




R S AL UL L
o 4 .

Excla matorg
sentence are not

proposi’cio ns.




Propositional Logic

Propositional logic (fi/8li% %) is a mathematical
system for reasoning about propositions and how they
relate to one another.



Propositional Logic

Every formula in propositional logic consists of
propositional variables combined via propositional
connectives.

Each variable represents some proposition, such as “Tom is a
cat” or “Jerry is a rat.”

Connectives encode how propositions are related, such as
“Tom is a cat and Jerry is a rat.”



Propositional Variables ( an @221 )

Propositional variables are used to represent proposition
(simple propositions).

Propositional variables are usually represented as upper-case
letters

* For example, P and Q.

* We can use P to represent “Tom is taller than Jerry”

Every propositional variable has a truth value
* |t is either true or false



Propositional Connectives ( fn@iEX45i5] )

Propositional Connectives are used to
» Connect propositional variables
* EXpress more complex meaning with existing propositions

P1: “Tom is a cat.”

jl> If Tom is a cat and Jerry is a rat,

P2: "Jerry is a rat.” then Tom and Jerry are enemy.

P3: “Tom and Jerry are enemy.”



Atomic Proposition (J& F i &)

Propositions without any connectives are called atomlc
propositions or simple propositions ( J& @/ & B ap

o)

(

\_

P1: “Tom is a cat.”

P2: “Jerry is arat.”

P3: “Tom and Jerry are enemy.”

J

Atomic Propositions

-

7

If Tom is a cat and Jerry is a rat,

then Tom and Jerry are enemy.

\.

\

Proposition



NOT (Logical Negation) ( & Eid )

P : Tom is stronger than Jerry
—P: Tom is NOT stronger than Jerry




Truth Table (E{ %)

A truth table Is a table

» showing the truth value of a propositional logic formula as a
function of its inputs.

 describing the semantic of a propositional connective /
formula.



The Semantic of “N

Praposifci.owat
cCoONNnEctLVe

|

Propositional ]7 P B P¥

variable

FooT

Truth Table

Propositio nal
formula

[

=P always has a different truth value with

P.




AND (Logical Conjunction) ( §Hid )
P : Tom is shaking hands with Jerry.
Q : Tom is shaking hands with Quacker.

P A Q : Tom is shaking hands with Jerry AND Tom is shaking hands with
Quacker.




The Semantic of “AND”

T T T Tlaeg are the same.
T F F - \ ,
F T F =

FF F -

Truth Table

[ PAQ is true if Pis true and & s true. P &




OR (Logical Disjunction) ( #rEid )

P : Krusty Krab has burger.
Q : Krusty Krab has pizza.
P Vv @ : Krusty Krab has burger OR Krusty Krab has pizza.




The Semantic of “OR”

PV Q

mMTH 4|
T4 T H|O
m———|<
m— <

[ PV QistruelfPistrueor &1Ls true. P




Implication ( Z5;ifid) )
P : Jerry fires the firecracker.
Q : The firecracker will explode.

P — Q :If Jerry fires the firecracker, then (implies) the firecracker
will explode.




The Semantic of “Implication”

P QR P—=Q
T T T
T F F
F T T
F F T

\_

The implication is ow% false Lf P Ls

this to memory.

true anod @ Lsn't. You need to commlt /

~N




Biconditional Connective ( YZ&413 )

P : SpongeBob is on the right of Patrick Star.
Q : Patrick Star is on the left of SpongeBob.

P < (@ : SpongeBob is on the right of Patrick Star if and only if
Patrick Star is on the left of SpongeBob.




The Semantic of “Biconditional Connective”

P Q@ P& Q@
T T T
T F F
F T F
FF T
4 )
The LS ong true Lf P and &

have the same truth value.
\_




The Semantic of “Biconditional Connective”

P+ Q

4T 4o
=Bl RO

P
T
T
F
F

é , ,
It seems P & Q wmeans “P lmplies Q"
ano ‘e 'meL'Les P’. But can Yyou prove

Lt?
\-




The Semantic of “Biconditional Connective”

P Q P~Q (P—=Q)QN(Q—P)
T T T T
T F F F
F T F -
F F T T

-
Theg have the same truth values.

\.




A Quick Recap

A propositional formula includes variables and connectives.

Propositional variables: P, Q ...

Propositional connectives

Name Symbol #Variables Example
NOT - 1 -P
AND A 2 PAQ
OR \% 2 PvQ
Implication — 2 P-Q
Biconditional o 2 PoQ
Connective




A Quick Recap

4 N
How to conmnect 2 oy

more variables? :

- INTUITION
With multiple connectives.
PAQA(AR)

\_




Well-Formed Formulas (R XA R)

4 p
How to conwnect 3 or
more vartables legally? &

\_

- Well-Formed Formulas (& _V\_t)
If a formula is a well-formed formula

(WFF), then it is legal.

\_




Well-Formed Formulas (R XA R)

INDUCTIVE DEFINITION of WFF
4 )
1). Every single proposition (symbol) is WFF.

2). If A and B are WFF, so are (-A), (AAB), (Av B), (A—- B),
and (A < B).

3). No expression is WFF unless forced by 1) or 2).

\_ /




A Quick Recap

A propositional formula includes variables and connectives.

Propositional variables: P, Q ...
Propositional connectives: =, A, V, —, <

WEFF: construct the legal propositional formula.



A Quick Recap

A propositional formula includes variables and connectives.
Propositional variables: P, Q ...
Propositional connectives: =, A, V, —, <

WEFF: construct the legal propositional
forr(m 1A

Avre these enough?




Can We Introduce New Connective?

We are able to define a new connective, and use
truth table to describe its semantic.

4 )
P Q PV It Looks Like “xor”, but
T T F ;
- T why do not we have it?
T F T \-
F F F




Can We Introduce New Connective?

We are able to define a new connective, and use
truth table to describe its semantic.

P Q PVQ

T T F —

TR PVQ = ((P A (=Q)) V ((—P) A Q))
T F T

F F F Because it can be represented with

a WFF.



Completeness Of Connectives

( BX&E1E5ER1E )

-

\_

DEFINITION

A group of connectives are complete if

1). Every formula can be converted to an equivalent formula and

2). The formula only includes connectives in the group.




Completeness Of Connectives

( BX&E1E5ER1E )

p OBSERVATION

A formula with n variables can be treated to be a function:

1) The input is the truth values of n propositional variables.

L 2) The output is the truth value of the formula.




Completeness Of Connectives
( BXGinEE&H )

p OBSERVATION

A formula with n variables can be treated to be a function:

1) The input is the truth values of n propositional variab
( lf 8\/8rg sueh fuwct’ww can be A

es.

o I

converted to a WFF, we can prove
_ completeness.




Completeness Of Connectives

(BXEiEE= 1% )
- THEOREM
Let G be an N-place Boolean function, N = 1. There exists a WFF O

such that O realizes the function G.
\_

DEFINITIONS

( . : .
n-place Boolean function: a function with n parameters and a Boolean
return value.

a realizes the function G: a and G have the same truth values.




Completeness Of Connectives

( BX&E1E5ER1E )

THEOREM
Let G be an N-place Boolean function, N = 1. There exists a WFF O
such that O realizespm—famiiant= N
N\

How to reasow Lt put?

-
n-place Boolean fuk
return value.




Completeness Of Connectives

( BX&E1E5ER1E )

\_

-
n-place Boolean fu
return value.

\

THEOREM

Let’s start with a simpLe
case (L.e. n = 2).

\

Let G be an N-place Boolean function, N = 1. There exists a WFF O

such that O realizesp~=—mtimn -




Completeness Of Connectives

( BX&E1E5ER1E )

r N
How many CONNECELVES WE

can define when n Ls 2.

\ y ‘€<l\l\
I\
< -')}; o
D ///\ _ “
7




Completeness Of Connectives

( X450 &tk )

gO(P’Q) gl(P,Q) gz(P,Q) ga(P,Q) g4(P9Q) gs(PvQ) gs(P,Q)

P Q

F F F F F F F F F

F T F F F  F z T T

i F F F T & F ¥ g

T a WF
g1(P,Q)  gs(P,Q) AV\/g 9 (P Q) LS P,Q)

F i T

T ¥ equivalent to a WFF. [T

T F -

T F

A 2.4.2

\ 7~ N
1 1 2 T oA o Y
a
2 .); 3
: { 7
vr‘ : -.n : L5 \\:\: )
) /




Completeness Of Connectives

( BX&E1E5ER1E )

P Q 20(P,Q #(P,Q) £P,Q g(PQ g(P,Q gPQ g(P,Q
F F F F F F F F F
F T F F F " F i T i
T F F F i i F F T
T T F T F i F T F

g1(P,Q) gs(P,Q) g(P,Q g1(P,Q) gulP,Q) g12(P,Q) g1(P,Q) gu(P,Q) £5(P,Q)
F i i T T sy T o
T F F F F s o i
T F F 7 T F F
T F ! i F T F T
/ \

Exercise, What about g, ?




Completeness Of Connectives

(BEREE Y )

go(P,Q) gi(P,Q)

P Q
FF
FoT
T F
T T

4 | :
More exercises... J> oY
_

i
T A A




Completeness Of Connectives

( BX&E1E5ER1E )

go(P,Q) gi(P,Q)

P Q
FF
FoT
T F
T T

— T o o
o A

" can we derive general
rules 2?27?

.




Completeness Of Connectives

(P,Q) &(P,Q) Step1: find all true rows ]

T
F
F

S

— 4 T M| T
U Rl
A~




Completeness Of Connectives

P Q g(P.Q) g&(P,Q) [ Stept: find all true rows ]
F F T e N\
F T IT T StepR: generate a

T F F F ormula for every row

T T F f f d /




Completeness Of Connectives

P Q gf(P, Q) gi(P,Q) [ Stept: find all true rows ]
FF T y 4
F T IT T StepR: generate a

T F F F ormula for every row

T T F \ f f d <

(P, Q) = (((=P) A

these formulas

4 N\
stepzz use “or” to conwnect

J

=

(@) V(=P)A Q) V(PAQ)



Completeness Of Connectives

.

P Q &(P,.Q) g(P,Q) [ Step: find all true rows ]

F F T T 4 p

T F F F formula for every row

T T T F > <

— ——— Step3: use ‘or” to connect
[ )
these tformulas

what about g1 (P,R)? |\ t )

J

g(P, Q) = ((=P)A (=Q)) V((=P)AQ)) V(P A Q)

g1(P, Q) = ((=P) A (=Q)) V((=P) A Q)



Completeness Of Connectives

g(P, Q) &1(P,Q) [ Another algorithm ]

P Q
FF
FoT
T F
T T

— M~ -
m T~




Completeness Of Connectives

P Q g(P,Q) &(P,Q) Stept: find all false rows]
FF T T

F T T T

T F F

T T T

F




Completeness Of Connectives

P Q g(P,Q) &(P,Q) [stepiz find all false rows]
FF T T > 4
F T T T StepR: generate a

T F F F ormula for every row

T T T f f J g

(=P)V Q) ((=P)V(=Q))



Completeness Of Connectives

P~ Q g(P, Q) &(P,Q) [stepiz find all false rows]
F F T T - )
F T T T StepR: generate a

T F F F ormula for every row

T T T > i ( J <

Step3: use “a nol” to
connect these formulas

- )

g1(P, Q) = ((=P)V Q)A((=P)V (=Q))




Completeness Of Connectives

P Q «P.Q) &a(P.Q) [stepiz find all false rows]
FF T T y <
F T T T StepR: generate a
T F F formula for every row
T 1T T F > <
/\ Step3: use ‘a ndl” to
4 )
connect these tormulas
what about go (P,&)? | L2 formudas
q J W

g1(P, Q) = ((=P)V Q)A((=P)V (=Q))
&(P, Q) = ((=P)V Q)



Completeness Of Connectives

P Q g(P.Q) gi(P,Q) P Q g(P.Q) gi(P,Q)
F F F F T T
F T F T T T
T F F F T F F F
T T F T T T F

g(P, Q) = (=P)A (=Q)) V((=P) A Q) V (P A Q)
g1(P, Q) = (=P)A (=Q)) V((=P) A Q)



Completeness Of Connectives

go(P, Q) g1(P,Q) g(P, Q) g1(P,Q)

P Q P Q
FF F F T T
F T F T T T
T F F T F [F]
T 7 [T] T T T

go(P,Q) = (-P)A =@V ((=P)AQYV (PAQ) &P Q) =((=P)V Q)
g1(P, Q) = (=P)A (=Q)) V((=P) A Q) g1(P, Q) = ((=P) vV Q) A ((=P) vV (=Q))



Completeness Of Connectives

g(P, Q) gi(P,Q) (P,Q) g(P,Q)

81(P, Q) = ((=P) N (=Q)) V((=P) A Q) 81(P, Q) = ((=P)V Q) A ((=P) V (=Q))

M1. According to the T rows M2. According to the F rows



Completeness Of Connectives

(BXEiEE= 1% )
- THEOREM
Let G be an N-place Boolean function, N = 1. There exists a WFF O

such that O realizes the function G.

SVSTSTNTE SVaVNTaly




Completeness Of Connectives

( BX&E1E5ER1E )

THEOREM N
Let G be an N-place Boolean function, N = 1. There exists a WFF O

such that O realizes the function G.
\_ y,

e Proof ~
If G always return F, then a =P A (= P). ltis clear O realizes the

function G.

Otherwise, G returns true sometimes. Suppose there are k cases where
kC—Z- returns true.

J




Completeness Of Connectives

Proof
/There are k inputs that can make G return true:
G(Xi1, X129, .0, X1) =T
G(X51, Xon, oory, X9 ) =T

G(Xkli sz, ey an) =T
Then we can construct a in the following way.

( .

bij = ~P; if X;j=F Looks Like aL@DYi’Cl’lV\A

\

~N

7

Yi = Bis N A Bin above
\& = V1V VY \\




Completeness Of Connectives

. Proof
When G returns true, it is clear that a is true.

When a is true, there must be some y; is true.

There is only one assignment that can make y; is true.
Under this assignment, G returns true.

/

P: f X..: =T
CX11, X1z, .0y K1) = T bij =1 ]P. ll]]: XU =F
G(X21’X22’ ...,in)=T k_l J lj

Vi = Bia A A Bin
G(Xkl,sz, ...,an)=T C(:]/1V"'Vyk

\_




A Quick Recap

A propositional formula includes variables and connectives.
Propositional variables: P, Q ...
Propositional connectives: =, A, V, —, <

WEFF: construct the legal propositional
forr(m 1A

Avre theg opt’umaL???




Completeness Of Connectives

We already know that
P~ Q=(P—Q A(Q— P)

The group becomes {7, A, Vv, —}

watabose -7 | 3
- 9




Completeness Of Connectives

_>

T T _y A
. . lmeplication can be expressed

T T by “wot” and “or” )
T T

,_% R

The group becomes {7, A, V}

\. J




Completeness Of Connectives

P Q PAQ ~((—-P)V(-Q))
T T T T
T F F F
F T F r
F F F [

N\

‘“and” can be expressed
by “not” and “or”

.

~\

P Q@ PVQR —((-P)A(—Q))
T T T T
T F T T
F T T T
F F|F -

J

N\

‘or” can be expressed by
“wot” and “and”

.

~\

J

Finally, {7, A} and {7, v} are all complete
We cannot eliminate elements from them.



4 Now, can You use the A
propositional Logice to

formalize the “2 queens
S problem theorem?” }




Example

P1

P2

Theorem: Two queens problem has no solution.

P3

P4

REPHRASE
/

2 queens problem: placing 2 chess queens on an 2x2
chessboard so that no two queens share the same row,
column or diagonal.

™

4 , )
How to formalize the

k}srobwm has wo solution?

J

~




Example o1 | P2

Theorem: Two queens problem has no solution. |r3 | P4

REPHRASE
4 N

2 queens problem: placing 2 chess queens on an 2x2
chessboard so that no two queens share the same row,

column or diagonal.

There are four positions on the chessboard. We now define
four propositional variables P1 , P2 , P3 and P4 .

P1 signifies that there is a queen on position 1. =P1 signifies
there is not a queen on position 1 and so on.

\_ /




Example
Theorem: Two queens problem has no solution.

P1

P2

P3

P4

REPHRASE
(2

chessboard so that no two queens share the same row
column or diagonal.
First, we formalize the requirement:

(((((=(PLA P2)) A (=(PLA P3)))A

(=(PLA P4))) A (—(P2A P3)))A

(=(P2A P4))) A (—(P3 A P4)))

queens problem: placing 2 chess queens on an 2x2




Example

Theorem: Two queens problem has no solution.

P1

P2

P3

P4

REPHRASE
/

column or diagonal.
Second, we formalize the placement:

(((P1 AP2) A (<P3)) A (ﬂP4)) v (((P1 A P3) A (~P2)) A (—~P4)
(((P1 A P4) A (=P2)) A (ﬂP3)) v (((Pz AP3) A (P1)) A (=P4)
(((Pz A P4) A (<P3)) A (ﬂP1)) v (((P3 A P4) A (~P1)) A (=P2)

\_

)
)
)

2 queens problem: placing 2 chess queens on an 2x2
chessboard so that no two queens share the same row,

Vv

Vv

~




Example

P1 | P2
Theorem: Two queens problem has no solution. |r3 | P4
e REPHRASE ™
2 queens problem: placing 2 chess queens on an 2x2
chessboard so that no two queens share the same row,
column or diagonal.
(((PLA P2) A (—P3)) A (—P4))V
(((~(PLAPY A ((PLA PR (PIAEP2)API) APV
(<(PLAPE) A (<(P2APIA A (((PLA(=P2)) A (=P3)) A P4)V o F
(=(P2 A P4))) A (=(P3 A P4))) (((=P1) A P2) A P3) A (—P4))V
(((=P1) A P2) A (—P3)) A P4)V
\ (((=PL) A (=P2)) A P3) A P4) /
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How to prove Lt?
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Truth Table

There are 4 propositional variables.

Pl P4 g(P17P27P37P4) ) 27? ROWS ]

Tr ... T T




Truth Table

There are 4 propositional variables.

P]. P4 g(P17P27P37P4) ) 1o ROWS ]
T DU T
F .. F T ~
Tf If there are n variables, how
many rows L the truth table?

2™

\_ J




p
what will affect the computation

cost?
\_

~N




-

The computation cost depenas
own #variables and the
complexity of the formula.

\_

~




p
can we stmplity the
formulaz??

\_




((( ( (-P4))
((((~(PLA P2)) A (~(P1 A P3)))A (((PLA (=P2)) A P3) A (=P4))V
(~(PLAPE) A ((P2A PN A ((PTA(RP2))A(SPI)) A P4V
(—(P2 A P4))) A (~(P3 A P4))) ((=P1) A P2) A P3) A (—P4))V

((((=P1) A P2) A (—P3)) A P4)V

(((=P1) A (=P2)) A P3) A P4)

-

\_

Can we eliminate them {irstly
without affecting the semantic?

J

~ F



Operator Precedence

(PV Q)AR)

PVQAR P=T,Q=FR=F

(PV(QAR))



Operator Precedence

Recap: what does —=(P1 A P2) mean Iin two queens
problem??

But, what does —P1 A P2 mean?



Operator Precedence

We introduce operator precedence like that in C,
C++ and python

- > N > V> = > &

—P1 A P2 PV QAR



Operator Precedence

Only operator precedence is not enough
P—Q—R




Operator Precedence

The real meaning is
P—(Q— R)




Operator Precedence

But there is can be a different interpretation
(P—Q)— R




Operator Precedence

Left-associative ( £S5 )
v The same precedence are evaluated in order from left to right.
P—Q—R




Operator Precedence

With operator precedence and association, we cannot
write the following formula with less parentheses.




Exercise

How to parse this statement?

X —=>YVZ—->XVYANZ

Operator precedence

- > AN >V > = >

All operators are left-associative



Exercise

How to parse this statement?

(-X)—=>YVZ—->XVYANZ

Operator precedence

- > AN >V > = >

All operators are left-associative



Exercise

How to parse this statement?

(-X)—=>YVZ—=>XV(YANZ)

Operator precedence

- > AN >V > = >

All operators are left-associative



Exercise

How to parse this statement?
(—-X)—=>(YVZ)—= (XV(YAZ))

Operator precedence

- > AN >V > = >

All operators are left-associative



Exercise

How to parse this statement?

(=X)—=>(YVZ) = (XV(YANZ))

Operator precedence

- > AN >V > = >

All operators are left-associative



P1 A P2) A (=P3)) A (—P4)

((( )
(~(PLA P2 A (—(PLA P3))A  ((PLA(2P2)) A P3) A (=P4))
(~(PLA PO A (~(P2API)A - A (((PLA(=P2)) A (=P3)) A P4)V
(=(P2 A P4))) A (—(P3 A P4))) ((((=P1) A P2) A P3) A (—P4))
((=P1) A P2) A (=P3)) A P4)
((( )

(=P1) A (=P2)) A P3) A P4
/\

4 /
wWhich parentheses can be

eliminated?
\_

— F



(((PLAP2)A(—P3)) A (—P4))V
(5(PLA P2 A (~(PLA PI))A  (((PLA(=P2)) A P3) A (=P4))V
(~(PLA PO A (~(P2A PN A (((PLA(=P2)) A (=P3)) A P4)V
(—(P2 A P4))) A (—(P3 A P4))) (((=PL) A P2) A P3) A (=P4))V
(((=P1) A P2) A (=P3)) A P4)V
(((=P1) A (=P2)) A P3) A P4)

(((PLAP2) A(=P3)) A(=P4)) ) P1AP2A-P3A—P4

What about this? —(P1 A P2)

— F



Propositional Equivalences (Z5{H)

Theorem
4 )

Propositional Equivalences (Zf{H) : If two formula P and
Q has the same truth value under any assignment, they are
equivalent. Itis denoted by P =Q or P < Q.

Equivalence Theorem (SHBEME) :P=0QiffP— Qs
always true.

\_ /




De Morgan‘s Laws (EER{E)

-

\_

Theorem

De Morgan’s Laws:

—l(P/\Q)=—|PV—|Q,—|(PVQ)=—|P/\—|Q

—(P1 A P2) can be replaced by —=P1 Vv —P2.

What does - (P1 A P2) and -P1V —-P2 mean?




More Laws

2 Theorem

Double Negation (NEHER) :
—|—|P =P




More Laws

P— Q
T

g )

<

mm A Ao
mTH4T 4O
Rl

According to Frows, P — @ =PV {(Q

\_ v




More Laws

s Theorem
Associative Law (&51E)

(PVQRQ)VR=PV(QVR)
(PANQ)AR=PA(QAR)
(P Q) R=P+ (Q+ R)

(P — Q)—>R#P—>(Q—>R){

Warning!




More Laws

s Theorem
Commutative Law (3Z#51E)
PVQR=QVP
PANQ=QAP
P Q=QQ«P
g
N
It is wrong. Can you give

P—Q=Q—FP? a counterexample?
J




More Laws

- Theorem

N
ldempotent Law (/&) : PvP=P
PAP=P
P« P=T
PsP=T
- Y,
4 [heorem R
Identlty Law (ﬁ_&) . PV F =P
PAT =P
Ir—P=P
T P=P
P— F=-P
9 F+s P=—P y




More Laws

/ Theorem
Complementary Law (#PRE) :

PV-P=T
PA-P=F
P— —-P=-P
P P=P
Py —P=F
Zero Law (ZTB) :
PVT =T
PAF=F
P—T=T

\\ F—-P=T




More Laws

/ Theorem

Distributive Law (93E#)
PV(QAR)=(PVQ)A(PVR)
PAQOQVR)=((PAQ)V(PAR)

PA(QYV QV ..V Q) =7



More Laws

e Theorem

Distributive Law (93E#)
PV(QAR)=(PVQ)A(PVR)
PAQOQVR)=((PAQ)V(PAR)

Absorption Law (IRUSKEE)
PV(PANQR)=P
\_ PAN(PVQ)=P

PA(QYV QV..VQy)=(PANQ)V(PANQR)V..V(PAQp)



Example

(

(

(((PLA P2)A(=P3)) A (—P4))V
(((PLA(=P2)) A P3)A(—P4))V
(((PLA(=P2)) A (=P3)) A P4)V
((((=P1) A P2) A P3) A (—P4))V
(((=P1) A P2) A (=P3)) A P4)V
((((=P1) A (—P2)) A P3) A P4)
)N
(((((=(PLA P2)) A (=(PLA P3)))A

(=(P1A P4))) A
(=(P2 A P4))) A
— F

(—=(P2 A P3)))A
(—(P3 A P4)))

eliminate redundant
parentheses

J




Example

(
(P1 A P2 A —P3 A —=P4)V

)
(PLA—=P2A P3AN-P4)V
(P1A=P2A—-P3A P4)V
(=P1AP2AP3A—-P4)V
(=P1 A P2 A—P3 A P4)V
(-P1 A—=P2A P3 A P4)

)N
—(P1A P2) A—=(P1A P3)A
—(P1A P4)AN=(P2A P3)A
—(P2 A P4) A —~(P3 A P4)
— F

-

\

WE can Eliminate more

Parentheses. But we
retain them for
reasa bLL’Ltg.




Example

(
(P1 A P2 A—P3A—P4)V

)
(PLA—=P2A P3AN-P4)V
(P1A=P2A—-P3A P4)V
(=P1 A P2A P3N—-P4)V
(=P1 A P2 A=P3 A P4)v
(-P1 A=P2A P3 A P4)

)N

—(P1A P2) A—=(P1A P3)A
—(P1A P4)A—=(P2A P3)A
—(P2 A P4) A —(P3 N P4)

~ F

4 A

Now We can use Laws to
convert the formula on

the left to F. Try to use
& distributive law first. )




Example

(P1 A P2)]\ —P3 A =P4A
(P1A P2))\ —~(P1 A P3)A

PLA P4)A—=(P2 AP , A
(P1A P4) A=(P2 A P3)A Now commutative Law
(p2 A P4) A —=(P3 A P4)V

anel assoctative Law.
...... )

~P1A=P2A[P3 A P4)

—(P1A P2) A—=(P1A P3)A
—(P1A P4) A —=(P2 A P3)A
(P2 A P4) A|~(P3 A P4)

I

J
J

J




Example

(PLA P2) A—(P1A P2)
~P3 A —P4 A —=(P1A P3)A

=(P1A P4) A—=(P2 A P3)A ~N
—(P2 A\ P4) A —~(P3 A P4)V Now Complementary
...... v Law.

P3 A P4) A (P3N P4)
(P1LA P2) A=(P1A P3)A
(PLA P4) A —=(P2 A P3)A
(P2 A P4) AN —=P1 A —=P2

\

I

J



Example

FVFVFVFVFVF

!

F

N
we have successtully

F<« F —— convert the left to F.
y




Exercise

P—Q=-Q—-P
P—-(Q—R)=Q—(P—R)

P—-(Q—-R)=(PANQ)—R

— T

tnstead of truth table?
\

~\

Can You prove them bg Laws

J
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Matching Them With Food And Ensuring No Conflict

How to prove there is Ao
legal matehing with
propositional logic?




Matching Problem




Matching Problem

Gi)




Matching Problem

o)




Matching Problem

>




Matching Problem

>




Matching Problem

>




Matching Problem




Matching Problem g A
Tuffy must eat chicken.

N v,
P3 A
—(P1AP2)AN=(P2AP3)A=(P1AP3)A

—|(—|P1 7A\ —|P2)




: r A
MatChmg Problem Chicken cannot be

shared.

P3 A
—(P1AP2)AN=(P2AP3)A=(P1AP3)A
—|(—|P1 N\ —|P2)




Matching Problem

P3 A
—(P1AP2)AN=(P2AP3)A=(P1AP3)A
—|(—|P1 N\ —|P2)

—

MLl cannot be shared.

\. J




Matching Problem

P3 A
—(P1AP2)AN=(P2AP3)A=(P1AP3)A
—|(—|P1 N\ —|P2)

—

Now convert Lt to F.




Matching Problem

P3 AL(PLA PRI (P2 A PRIAL (LA PR AL (P A P2)

P3 NJ(=P1V =P2) A (=P2V —P3)|A (=P1V =P3) A (P1V P2)
P3 A (=P2V aP3)A(=P1V —aP2) A(=P1V —=P3)A(P1V P2)
= P3A—AP2A (—|P1V—|P2)/\(—|P1V—|P3)/\(P1VP2)

P3 A
P3AN—=P2AP1A

P3 A —P2

=[P3]n P2 A P1 A]ZP3]A (=P1V —=P2)

P3 A—=P3N-=P2AP1A (—|P1V—|P2)

F

BN

.

—P2 A (P1V P2)A (—|P1V—|P2)/\(—|P1V—|P3)
(—|P1V—|P2)/\(—|P1V—|P3)
Pl/\(—|P1V—|P3)/\ (—|P1V—|P2)

tis a speaiaL proposlt’uow
which is always false

~

J




Tautology (EFIL/7KE)

DEFINITION

[Tautology IS a proposition which is always true under any interpretation. ]

P3A=(P1AP2)AN=(P2AP3)A=(P1AP3)A=(=P1A-P2) —F

r N
The previous probtem Ls to prove the

formula s a tautology. } ;f‘




Contradiction (FET/KIERR)

s DEFINITION 2
Contradiction is a proposition which is always false under any

interpretation.
\ y,

P3A=(P1AP2)A=(P2AP3)A=(P1AP3)A=(=P1A=P2)

,
The previous probtem Ls to prove the

formula is a contradiction.




Example

PV -P
PA-P
PAF
PVT
~(AA B) < (~AV —B)

tautology
contradiction
contradiction
tautology
tautology



